Abstract -This paper presents a robustness study of the current control scheme for a multi-phase induction heating system. Resonant control has been chosen in order to achieve a perfect current reference tracking in the inductors while different solutions from the literature. A simplified model of the system is given; it is based on data extracted from finite element software, including a model of the energy transfer between the dc source and the currents. The metal sheet resistivity will change with temperature inducing some modifications in the system parameters. These disturbances will be rejected by the resonant controllers whose pole and zero variations are investigated. In addition, the tuning method for the resonant controllers is detailed when the sampling frequency/switching frequency ratio is very low.
INTRODUCTION
Induction heating is expanding in metal industries for applications such as melting, annealing, welding, heat treatment, drying, or merging. The heating speed, its high power density, the possibility of heating inaccessible pieces or its flexibility are all benefits. Moreover, the association to power electronic devices generally allows a precise control of the heat profile in the load. The classical solutions focus on a single inductor. Some IH generators involve multiple inductors [1] [2] with moving magnetic screens and flux concentrators such as in Fig. 1 . Besides, power electronics can provide a flexible solution with advantages in terms of cost and performance. Most methods for controlling the power density or the temperature in the load have been presented on single inductor heating and very few for multi-inductor systems.
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Sheet metal strip In [3] , each inductor is powered by its own power supply constituted by a diode rectifier, a filter, an inverter and a FPGA. A study of the temperature control is present but does not take into account the coupling between the inductors. Papers [4] [5] incorporate structures of [6] to achieve control of the currents in the inductors. For this, two methods are proposed. The first [4] deals with the regulation of the amplitude and phase currents. The second [5] focuses on the real and imaginary parts of the currents. For the last one, decoupling methods are implemented. Currents are in phase and selected structures are using decoupling transformers between two inductors side by side. In order to keep a constant inductor current with no phase variation and no magnitude oscillation, paper [7] proposes a combination of a Pulse-Frequency-Modulation and phase-locked-loop in single phase. The analysis of the closed loop proofs the stability of the system, depending on PI regulator parameters. Comparatively, the next parts will describe our solutions, in terms of device organization and current control method. The emphasis is put on the consequences of parameter variations due to temperature rise in the disc which are considered as disturbances. Properly tuned resonant control on each of the 3 phases will reject these disturbances in order to achieve a satisfying control of the inductor currents.
MODEL OF A 3 PHASE INDUCTION HEATING SYSTEM
The system consists of three inductor coils (Fig.2 ) organized face to face in a transverse flux configuration. The work piece to be heated is a disc plate situated inside the coils. This test bench was initially developed to test different ideas such as the multi-phase supply concept and the optimization of the current references as previously described in [8] [9] [10] . For modeling and control purposes, it can be represented by a 3 phase electrical circuit including the material to be heated where flows a current in short circuit which could be considered as the 4 th phase. The whole system is supplied by 3 resonant current inverters. After some simple calculation presented in [8] [9], a matrix description of the system is given in 
Mi,4: coupling tenns between the inductors i and the material to be heated (load), Rb Li : self resistance and inductance for inductor i, R4, L4 : disc plate resistance and inductance, Mij : mutual inductance between inductor i and j.
As shown by (2) and (3), Zj j real and imaginary parts are both nonlinear, regarding the frequency 0) and the temperature. Indeed, parameter R4 that models the material resistance of the stainless steel disc is temperature dependent. Numerical simulations Flux 2D © , Flux 3D © or Inca 3D © have been run to compute these parameters. But, these simulations are highly time consuming (days up to weeks in 3D configuration) and cannot manage all the details (spiral fonn of the inductors for ex.). Consequently, measurements were achieved, for the real and imaginary parts of the global impedances including the coupling terms. A specific measurement procedure based on the "pseudo-energy" method from V and I measurements as previously described in [11] for a 1500Hz resonant frequency, leads to the values of the impedance matrix are given by (4) in mQ. 
In order to reach a flat temperature profile in the heated metal sheet according to the principles presented in [8] [9] [10], the reference currents have to be optimized through an optimization procedure. One of the best combinations of the supply currents is recalled in Table I for a required power density distribution of IOMW/m 3 in a 0.45 radius disc made of stainless steel. The current waveforms for the inverter currents and the inductor currents are shown in Fig, 3 for phases 1 and 2 as an example with their characteristic angles for each phase i (q,i Qi (J)i j ). Consequently, the control loops will have to adjust the duty cycle Uj on each phase and the phase lag (J)i j between the inductor currents in order to follow the inductor sinusoidal reference currents. 
II. RESONANT CURRENT CONTROL
Initially proposed by [12] , resonant controllers have very interesting properties when sinusoidal current references of multiple frequencies have to be controlled as [13] pointed out. Resonant controllers can achieve high performance in both multi-sinusoidal reference tracking and disturbance rejection since thanks to an infinite gain at the fundamental frequency. No matrix transformation such as Park's transformation in these controllers! Consequently, the global control scheme is simpler and the computational burden is reduced. Some methods can be found in the literature for the analysis and design of resonant controllers which are mainly based on with the use of Bode or Nyquist diagrams and pole-zero maps. Interesting as they may be, these methods do not take into account the time behaviour of the system since they mainly involve phase or gain margins. Moreover, they only deal with single phase systems, nothing can be found for closed-loop multi-phase systems. The general form of a resonant controller can be expressed in the s-domain as in (5), where hco is the harmonic of order h to track, .r; is a damping factor (set to zero in this type of controller).
Parameters a, band c must to be tuned in order to fulfil the desired transients and stability. where Wo is the frequency of the sinusoidal reference and Ts is the sampling period. Fig. 4 presents the bloc diagram for phase n° 1 for example, with its discrete resonant controller while Fig. 16 describes the whole system with the 3 phase coupling terms. A simple closed loop transfer function can be written in expression (7) without taking into account the coupling effects. The characteristic equation (8) derives from this expression and lead to a stability condition using the Routh-Hurwitz criterion. It leads to the following stability condition (9).
-W6 < Kr < 0
As stability is hard to achieve with only one tuning parameter, a more general form of the resonant controller was used in our precedent paper [16] . The corresponding discrete transfer function was given by equation (11). Under this form, two parameters (Krl and Kr 2 ) must be tuned on each phase.
However, stability can be achieved only with Krl (with Kr 2 equal to 0) and the search of the stable points will be easier. The corresponding discrete form of the reduced resonant controller is given by (12) .
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Our precedent paper looked for the point of stability of the 3 phases separately, without taking into account the coupling effects. On the contrary, this paper searches the stable points of the entire system including the couplings by analyzing the norm of the poles in the discrete domain. In Fig.5 the red points are stable and the blue ones are unstable. Among the stable points, the nearest to the center of the unity circle which are given in Table II will be chosen. 
III.

ROBUSTNESS STUDY
The robustness of the system vs temperature has simulated in the following part. Few papers deal with this kind of considerations even less in the case of multiphase induction heating. Indeed, since the stain less steel is heated, the R4 term in the Zii and Zi j terms will vary. Nevertheless, some papers such as [17] , are focused on the effect of temperature dependence of magnetic properties on heating characteristics of 8-H curves, in the case a billet heater in this paper. Besides, it is claimed in [18] that temperature has no significant effect but around 250°C in the field of domestic appliances. Carreterro et. al. present in [19] a comprehensive study of the temperature and frequency influence on parameters (R, L) and efficiency for single phase domestic induction heating appliances. It is shown that temperature has a limited but non linear effect on the R-L parameters (max 0.2%/°C) but the system does not include the impact on control. This paper also points out that the metal resistivity increases with the temperature and has highly influences the temperature profile around 700°C. Galluin et. al. indicate in [20] that temperature dependent material properties (Cv = Cv (T) with the volume specific heat of the strip material and 'A = 'A( T) its thermal conductivity) are taken into consideration at each time step of the calculation model. Parameters are corrected according to the temperature distribution in the work piece at the previous time step but no global temperature effect is given. Consequently, it is hard to conclude especially in multi-phase systems. From our study, Fig. 9 shows the computed evolution of some Zij parameters as examples. It can be noticed that the shapes as well as the evolution rates are quite different from one to another. Since the Zij parameter variations may influence the model, their impact is checked, as depicted in Table III for  the currents, Table IV for Zij parameters and Table V where the poles-zeros variations in the closed-loop transfer functions are listed. Despite these parameter variations, the resonant controllers achieve good tracking control of the inductor currents in this three-phase system, as shown in Fig. 10, 11 and 12 for three different temperatures (25°C, 200°C and 400°C) and in Table III . Table III summarizes the simulated currents at different operating temperatures obtained with the resonant controllers as previously tuned. It can be seen that these variations remain rather low during either transients or steady states thanks to the good performance of the resonant controllers which track the inductor currents close to their sinusoidal references. Finally, the pole norm calculation such as in Fig S can be launched again for several temperatures. The minimum solutions obtained in each of these different cases, leading for the minimum nom of the closed-loop poles, are all the same which put in evidence the robustness of the system. Fig. 13 shows the closed loop experimental inductors currents in the 30 kV A test bench at ambient temperature while Fig. 14 is for 200°C . Amplitudes and phases fit the requirements. As a consequence of the inductor currents, the simulated temperature profiles can be plotted in Fig.IS . The small variations induced by the temperature rise will be the concern of another control loop. The latter will has to be set for the temperature control along the disc radius in order to fit to the reference profile whatever the operating conditions. This paper presented a robustness study of a multi phase induction heating system with controlled currents with the help of resonant controllers. It achieves a rather good behavior either in transients or steady states despite the coupling effects between the phases and with the load, which act as disturbances. Temperature rise has low impact on the current control and on the temperature distribution in the metal sheet. In order to reduce the impact of the heat on the temperature profile, the temperature closed loop will be studied in future work. 
